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Matrix exponentials
Let A be a complex square matrix, put
Q(z) = (z − a1)
α1+1 · · · (z − ak)
αk+1,
with the ap distinct and the αp nonnegative integers, assume Q(A) = 0, set
Qp(z) :=
Q(z)
(z − ap)αp+1
,
let bp,n be the n-th Taylor coefficient of 1/Qp(z) at z = ap, let f be an entire
function, and let P (f(z), z) ∈ C[z] be Q(z) times the singular part of f(z)/Q(z).
Theorem. We have
• bp,n = (−1)
n
∑
βp=0
|β|=n
∏
j=1,...,k
j 6=p
(
αj + βj
αj
)
1
(ap − aj)αj+1+βj
where β runs over Nk and |β| := β1 + · · ·+ βk,
• P (f(z), z) =
k∑
p=1
αp∑
q=0
q∑
j=0
f (j)(ap)
j!
bp,q−j (z − ap)
q Qp(z),
• f(A) = P (f(z), A).
Let Q be as above and d its degree, and define gj : R→ C for 0 ≤ j < d by
P (etz, z) = gd−1(t) z
d−1 + · · ·+ g1(t) z + g0(t).
If u : R → C is smooth satisfyingQ( d
dt
) u = h where h : R→ C is continuous,
then
u(t) =
d−1∑
j=0
u(j)(0) gj(t) +
∫ t
0
gd−1(t− y) h(y) dy.
Assume that each ap is an eigenvalue, let A = S +N (S semisimple, N nilpo-
tent) be the Jordan decomposition of A, and A =∑Ap =∑(apEp +Np) be its
spectral decomposition. Then
Ep =
αp∑
q=0
bp,q (A− ap)
q Qp(A), Np =
αp−1∑
q=0
bp,q (A− ap)
q+1 Qp(A).
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